In this article we solve explicitly some Cauchy problems of the heat type attached to the generalized real and complex Dirac, Euler and Harmonic oscillator operators. Our principal tool is the Bargmann transform.
Introduction
The classical Cauchy problem for the heat equation is of the form      ∆u(t, x) = ∂ ∂t u(t, x); (t, x) ∈ IR * + × IR n u(0, x) = u 0 (x); u 0 ∈ L 2 (IR n )
is the classical Laplacian of IR n . We can formally replace the operator ∆ by any partial differential operator and we speak about generalized heat Cauchy problem. Our aim in this paper, is to give a new method to solve explicitly some type of generalized heat Cauchy problems.
Using essentially the Bargmann transform as an intertwining operator which intertwines some couple of real and complex differential operators. In this work we compute explicitly the exact solutions of the heat Cauchy problems associated to the generalized complex and real Dirac operators : where the generalized real and complex Dirac operators are given by
We solve also explicitly the following heat Cauchy problems associated to the generalized real and complex Euler operators :
where the generalized real and complex Euler operators are given by
(1.7)
Finally we find the explicit solutions of the following heat Cauhy problems for the real and complex harmonic oscillators:
where the real and complex harmonic oscillators are given by [2] ) and later G. Folland [7] have introduced an isometry, called Bargmann transform, from the space of square integrable functions L 2 (IR) to the Fock spaces F 2 π where F 2 a = {f ∈ Hol(I C)∩L 2 (I C, e −a|z| 2 )} as follows:
We use in this paper a parametrized forms of the Bargmann and inverse Bargman transforms given by K. Zhu [11] as follows :
An operator T is transported in The Bargmann space F 2 a by the operation B a T B −1 a . A number of operators have been thus transported and have been reported in the literature(see [8] ). We present some of them in this lemma :
Let a be a positive parameter, we consider the Gaussian measure dλ a (z) = a π e −a|z| 2 dz (2.4)
A calculation with polar coordinates shows that dλ a is a probability measure. The Fock space F 2 α consists of all entire functions f in L 2 (I C, dλ a ). It is easy to show that F 2 α is a closed subspace of L 2 (I C, dλ a ). Consequently, F 2 α is a Hilbert space with the following inner product inherited from L 2 (I C, dλ a ) :
(2.5) Lemma 2.1. For a > 0 we have :
Proof. See Appendix 1 of [8] for the proof of 1. and 2. however 3 and 4 are consequences of 1 and 2.
Theorem 2.1. Let h a and E a be respectively the real harmonic oscillator and the complex Euler operator given in (1.10) and (1.7) then we have
Proof. This theorem is a consequence of the formula
and the lemma 2.1.
In what follows we give some formulas of Bargmann transforms
For all a > 0, b > a 2 and s ∈ IR we obtain :
In particular,
and also
Proof. see theorem 8 of [12] .
We define here a parametrized form of the Fourier transform :
Also, for all r > 0, we define a general form of the Fourier Transform by:
This form will be useful for the next very important result:
In particular, for r = 1,
and then
Proof. Firstly, we have:
Thus we obtain:
We denote c = a 2 + ar 2 2 . Using the change of variable t = √ c. x we get: In the case r = 1, F r coincide with F the parametrized Fourier transform and we obtain : , we obtain:
Using lemma 2.1 we obtain :
This implies that Note that the exact formulas for the Poisson and wave Cauchy problems associated to the real Dirac D 0 , Euler e a and harmonic oscillator h a operators are given [9, 10] .
Proof of theorem 3.2. Let u be a solution of (1.3). Then, by applying the Bargmann transform B a 2 , we obtain: By setting s ′ = s − t, we obtain:
4 Heat Cauchy problems for the complex and real Euler operators Proof. Let e be the solution of (1.5). We define the function y(t, x) by:
y(t, x) = e(t, e −at x).
We get easily ∂ ∂t y(t, x) = 0 then y(t, x) = y(0, x) = e(0, x) = e 0 (x). Then e(t, e −at x) = e 0 (x), for all (t, x) ∈ IR + × IR.
Consequently, e(t, x) = e 0 (e at x) for all (t, x) ∈ IR + × IR. 6) is given by the formula :
Proof. The proof of this theorem is Mutatis mutandis the last one.
Heat Cauchy problems for the real and complex harmonic oscillators
Theorem 5.1. The Cauchy problem (1.8) for the heat equation associated to the harmonic oscillator has the unique solution given by :
Note that the heat kernel for the classical real harmonic oscillator has been known for a long time ([3] p.145) and is given by the formula:
but the method used here and the obtained formula are new.
Proof of theorem 5.1. Let γ be a solution of (1.8). Then, by applying the Bargmann transform B a 2 , we obtain:
x))(z); (t, z) ∈ IR * + × I C B a 2 (γ(0, x))(z) = B a 2 γ 0 (Z); γ 0 ∈ L 2 (IR) Theorem 2.1 assures that : Using the change of variables s ′ = e −2at s, we get :
We deduce from relation (2.8) of theorem 2.2 (with a b − 1 = e −4at ) that :
So we obtain :
1−e −4at ds ′ Set again s = e 2at s ′ we get : The formula (5.1) obtained in the theorem 5.1 agree with the well known formula given in (5.2).
Proof.
.
Thus we obtain the formula (5.2) . to the complex harmonic oscillator has the unique solution given by :
Where J a (z, w ′ , t) = 2i cosh(at) exp a 4 (w ′ 2 − z 2 ) tanh(at) + azw ′ 2 cosh(at) (5.3)
Proof. Firstly, notice that
Let E be the solution of (1.9). By applying the inverse of the Bargmann transform B −1 a 2
, we obtain: 
